We show that certain properties of groups of automorphisms can be read off from the actions they induce on the finite characteristic quotients of their underlying group G. In particular, we obtain criteria for groups of automorphisms of a Ž . residually finite and soluble minimax -by-finite group G to be nilpotent or soluble.
INTRODUCTION

Ž
. A well-known result of P. Hall 1940 asserts that a group ⌫ of automorphisms is nilpotent, if it stabilizes a series in its underlying group. Moreover, Hall introduced a bound on the nilpotency class of ⌫ in this case. This theorem has become an important criterion for nilpotency and has been generalized in several ways.
Here we consider the action of a group of automorphisms on the finite characteristic quotients of its underlying group with the aim to obtain results similar to Hall's. We obtain such results in two different cases: for Ž . groups which are residually finite and soluble minimax -by-finite as well as for the free group of rank two. In particular, our main theorem is the following.
. THEOREM. Let the group G be soluble minimax -by-finite and residually finite.
Ž .
Ž . a If ⌫ F Aut G induces a nilpotent group of automorphisms on e¨ery finite characteristic quotient of G, then ⌫ is nilpotent.
Ž . Ž . b There exists an integer c s c G such that e¨ery nilpotent subgroup
Ž . of Aut G has class at most c.
Ž .
w x Part a of this theorem generalizes a result by D. Robinson 10 . This, in turn, implies a well-known result by K. A. Hirsch stating that a polycyclic group G is nilpotent if and only if all finite images of G are nilpotent. An Ž . application of part b yields that the class of every nilpotent subgroup of 3 
Ž
. GL n, ‫ޑ‬ is bounded by n. 2 Moreover, we obtain characterizations as in the above theorem for ⌫ to be soluble together with explicit bounds on the derived length of ⌫. Furthermore, we consider two special cases of nilpotent groups and obtain characterizations for ⌫ to be a finite p-group or to stabilize a finite series in G. Finally, we consider similar questions for free groups G and give affirmative answers for the free group of rank two. Note that every residually finite group which has only finitely many subgroups of a given finite index has a characteristic cofinite filter. This applies for example to residually finite groups which are finitely generated or have Ž . finite rank. Recall that a group G is said to have finite Prufer rank Ž . r s r G if every finitely generated subgroup of G can be generated by at most r elements.
. the quotient group ⌫ s ⌫rC HrK can be regarded as a group of
have some property P P, then ⌫ is residually-P P. In particular, if N N is cofinite, then ⌫ is residually finite. Our first lemma is an elementary observation which will be fundamental in our further investigations. Proof. Let W be a set of words and V V be the variety determined by
Then, for every word w g W and
is obvious.
AUTOMORPHISMS OF ABELIAN MINIMAX GROUPS
In this section we consider the case of abelian groups which will be the key step for the general case. This investigation relies on properties of finite linear groups.
Recall that a group is said to be minimax if it has a series of finite length whose factors satisfy either the maximal condition or the minimal condition on subgroups. At first we exhibit a characteristic cofinite filter for torsion-free abelian minimax groups. denominators of non-zero entries in ␥ and
where ‫ޑ‬ is the subgroup of ‫ޑ‬ consisting of fractions arb such that each prime divisor of b is in . But the direct sum of n copies of ‫ޑ‬ is a torsion-free abelian minimax group of rank n and hence
Ž .
Ž . part c follows from part b .
Ž . Thus it remains to prove part a . Clearly, to limit the class of the Ž . nilpotent subgroups of GL n, p it is enough to find a bound for the class Ž . Ž . of a Sylow q-subgroup S n, p of GL n, p for all primes q dividing q < Ž .< Ž . GL n, p . It is well known that the class of S n, p is n y 1. Moreover, if . suffices to consider the Sylow subgroups S n, p with q F n and q / p. In q particular, we only have to consider a finite set of primes q which depends on n only. 
and cl S n, p F n. e q e q иии qe F n 1иии q
For q s 2, we have e q 2 e q e q иии qe F q 2 n F n and
In order to get the desired upper bound for the class of 2 Ž . w x S n, p , we consider the structure of this group. By 1, Theorem 1 , By Dirichlet's theorem such a congruence x ' a mod m is solved by infinitely many primes.
AUTOMORPHISMS OF SOLUBLE MINIMAX GROUPS
In this section we will first prove our main theorem as stated in the Introduction and then consider similar questions for other properties than Ž . nilpotency. To shorten notation, let ᑧ be the class of soluble minimaxby-finite groups. As a first step for our proof we need to describe the structure of residually finite ᑧ-groups suitable for our purposes.
group G is a series such that GrG is finite and G rG is a torsion-free 
Ž .
Recall that a group G is said to have finite torsion-free rank r G if 0 there exists a finite series in G each of whose factors is either cyclic or Ž . torsion and r G is the number of infinite cyclic factors. This number 0 does not depend on the chosen series. In the following lemma, we collect the properties of ranks which will be used later. G has a significant ᑧ-series G G G ) 
Ž . and each finite quotient of G can be generated by r G elements. Proof. We use an argument similar to that used to prove Lemma 2.5 in w x Ž .
because A is finite. Moreover, C has finite rank, so K has finite index in C. Thus GrK is finite and therefore generated by at most t elements, say Ž .
a group homomorphism and thus K is contained in its kernel. Hence ␦ is Ž y1 ␦ y1 ␦ . defined by its images on g , . . . , g . Therefore ␦ ¬ g g , . . . , g g is a 1 t 1 t t t Ž . monomorphism of ⌬ G, A into a direct product of t copies of A and Ž . ⌬ G, A is elementary abelian of rank at most mt. Now we are in a position to prove our results for automorphism groups of residually finite ᑧ-groups. These groups are known to be subject to w x severe restrictions. For example, Wehrfritz showed in 14 that for every Ž . G g ᑧ, there exists an integer k G such that every periodic subgroup of Ž . Ž . Aut G has finite order at most k G . Moreover, questions which are w x related to ours have been considered recently in 2, 6 . THEOREM 4.1. Let G be a residually finite ᑧ-group with rank r and Ž .
torsion-free rank n. If ⌫ F Aut G induces a nilpotent group of automorphisms on each finite characteristic quotient of G, then ⌫ is nilpotent.
Moreo¨er, in this case the class of ⌫ is bounded as follows using a ⌫-in¨ariant significant finite quotient GrG of G. Ž . Proof. First we prove the main statement with the bound of part a . Suppose that ⌫ induces a nilpotent group of automorphisms on every finite characteristic quotient of G. Using induction on the torsion-free 3 rank n of G, we will show that ⌫ is nilpotent of class at most b s rn q n 2 q c. Ž . Part b of the theorem is proved in a similar manner. As above, we Next we consider the case that ⌫ induces groups of prime-power order on each finite characteristic quotient of G. It is easy to observe that in this case the groups induced by ⌫ are p-groups for a fixed prime p.
series. By induction on the torsion-free rank n of G we show that ⌫ embeds into ⌫ = ⌫ = иии = ⌫ . If n s 0, then this is trivial.
Otherwise set A s G . Obviously it will be enough to show that
sion-free, it suffices to prove that ⌫ is periodic. By induction hypothesis, ⌫ is a finite p-group of order p s , say. By G r A Lemmas 3.3 and 3.4, there exists an infinite set of primes such that a n Ž .
Ž5r2. n
Sylow p-subgroup of GL n, r has order at most p for every r g .
the group ⌫ has finite exponent dividing p k by Lemma 2.1. Finally, ⌫ is w x finite by 14, Theorem T1 . Now we consider a further special case of inducing nilpotent groups. It is well known that a group which stabilizes a subgroup chain with finite length in the underlying group is nilpotent. However, not every nilpotent group of automorphisms stabilizes a series in the underlying group. 
sq m m
Finally, we consider the case that ⌫ induces soluble groups on the finite characteristic quotients of G. We will use the fact that a residually finite soluble minimax group has a characteristic series whose factors are either elementary abelian or torsion-free abelian minimax. This is obtained by refining the first factor in a characteristic significant ᑧ-series. Moreover, the following remark gives us information about the action of ⌫ on finite characteristic subgroups of G. for n g ‫.ގ‬ Then ⌫ s Inn G is not n nilpotent, but ⌫ induces a nilpotent group on every quotient GrN .
. GL 2, ‫ޚ‬ is not soluble, but ⌫ induces a soluble group on every quotient GrN . 
AUTOMORPHISMS OF FREE GROUPS
As usual we denote by F a free group on a set with r elements and call r it a free group of rank r. Note that the group F does not have finite r Prufer rank for r ) 1. The free groups of finite rank also possess ä characteristic cofinite filter. Therefore we may ask for analogous statements to those in Theorems 4.4 and 4.1. Here we prove such statements for free groups of rank two. Our first lemma is similar to Remark 4.1. for every ␦ g ⌫. Suppose now by contradiction that there exists an ␦ g ⌫ such that ␥ ␦ s ␥ y1 . Since F is residually a finite 3-group and ␥ 2 / 1, there exists a characteristic normal subgroup N in F such that FrN is a finite 3-group and ␥ 2 f N. Then ␦ induces a non-trivial automorphism ␦ of FrN and ␦ has even order. Thus a suitable power of ␦ has 2-power order and maps ␥ to ␥ y1 mod N. On the other hand, the automorphism induced by ␥ on FrN has order a power of 3 and does not commute with ␦. Hence ⌫ is not F r N nilpotent, a contradiction.
Ž . THEOREM 5.1. Let F be the free group of rank 2, and ⌫ F Aut F . we obtain the bounds given in the statement.
The argument in the proof of Theorem 5.1 works only for free groups of rank two because for r ) 2, not every automorphism of F that centralizes r F rF X is inner. r r
